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1. Introchction 
Let E be a fixed real number satisfying 0 <E < 1. For each prime p let 
f(~, p) denote the least positive integer t with the property that for any 
further integer m 2 t the inequality 
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4) n <cm a=1 P 
is satisfied by the Legendre symbol. 
In a survey of number theory problems in 1965 [3], Erdijs conjectured 
that 
For each prime p> 3 let n2(p) denote the least positive quadratic non- 
residue (mod p), and let ni (2) = 0. By Taking E = 1 we see that f(1, p) = 
=nz(p). We can therefore regard the above mean value theorem as a 
generalisation of the result : 
a result which was obtained by ERD& himself in 1961 [4]. 
With a view to possible generalisations we shall modify the definition 
of /(E, p). For the rest of this paper g(E, p) will denote the least positive 
integer t with the property that 
I 01 21 ; <Em, (m=t, t+l, . ..). 
With this modified definition of f(~, p) we shall prove that the limiting 
result (1) does indeed hold. Simple changes in the present argument yield 
a proof of a similar result for the earlier definition of f(~, p). 
This problem is of the type referred to as a ‘running problem’ in 
[2]. The reason for this terminology is clear from the definition of the 
fh P) and cd&, PI. 
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Theorem. For each e satisfying O<EG 1 there is a constant C(E) de- 
pending upon E so that 
2. Notation 
We shall use p as a generic symbol for a prime number. 
(n; . ..) will denote the set of integers n which have the property . . ., 
and 
Card (n; . ..) will denote its cardinality. 
For each real number x > 2 we use z(x) to denote the number of primes 
not exceeding x, and define the frequency function 
~$(p; . ..) = -& Card (p;pgx, . ..). 
If moreover 
lim yz(p; . ..) 
x--+00 
, 
exists we shall say that the primes 1, with the property . . . have a limiting 
frequency. 
For each integer n> 1, z(n) ~111 denote the number of divisors of n. 
[x] denotes the greatest integer not exceeding x. 
Cl, cz, ..* will denote positive constants. 
By f < g (Vinogradov’s notation) we shall understand that there is a 
constant A so that IfI <Ag holds tiniformly for some region under con- 
sideration. 
3. Auxiliary Lemmas 
Lemma 1. Let positive real numbers 6, E be given. Then there is a 
further constant PO, depending upon 6 and E, so that 
whenever 
are satisfied. 
I 01 
2 2 <EH 
n<H P 
H>P*+~,~>~Q 
Proof. This is a well known character sum estimate of BURGESS [I]. 
Corollary. For each E, B > 0 there is a positive constant cl, depending 
upon e, 6, so that 
g(E, p) <Cl $+. 
Lemma 2. Let x, H be real numbers satisfying x > 2, H > 2. Let al, az, , . . 
be a sequence of complex numbers. Then the inequality 
.E/.zHan (3 I2 . . 
<XmmZt, Z$ la~anl+H1ogH(~~~la~l)” 
n&H. n<H 
is satisfied. 
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Lemma 3. Let A > 0 be a constant, and let x, H be real numbers 
satisfying x22 and l<H<(logx) A. Then in the notation of lemma 2 the 
inequality 
.d3Haa (;)I 
< 44 ~=,,~s lad-4 fxe-Cvl@Y..H Iad2 
s&H, kH 
is satisfied. 
Pro of. These two inequalities are proved in [2]. 
For each E > 0, x> 2 and rn> 1, m not necessarily an integer, let 
E(x, m, E) denote the set of primes p GX for which 
2 2 >sm 
a=1 P 
holds. 
I 01 
For each integer N > 2 let F(x, N, a) denote the union of the 8(x, m, E) 
for m=N, N+l, . . . . 
We shall preserve this notation for the duration of the next four lemmas. 
Lemma 4. Define the sequence of real numbers nV, (v= 0, 1, . . .) by 
nv=(l++s)YN. 
Then we have the set theoretic inclusion 
P(x, N, E) _C 6 E(x, n,, 4s). 
v=O 
Proof. Let p be a prime contained in P(x, N, E). By definition of 
this set there is an integer m, satisfying m> N, for which 
Now for any such integer m we can find members nV, n,+l of our con- 
structed sequence which satisfy 
*<m<nv+b 
For these we have 
so that p lies in E(x, nv, +a), 
Lemma 5. For any fixed value of 6 > 0, and any x, N 2 2, the inequality 
Card P(x, N, a) < xN-2 (log N)15+&fd 
is satisfied. 
Proof. We first note by the corollary to lemma 1 that 
g( *E, $3) Q Cfipt+(d’3) 
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if 2 <p GX. Hence the sets E(x, n,,, 4~) are empty unless 
q < ~2~a+w3) gffx 
say. Therefore 
(2) Card B(x, N, E) G 2 Card E(x, n,, &) 
n,<X 
where the sum has at most cs log x summands. 
We shall estimate a typical term Card E(x, n,, +a) of the sum on the 
right hand side of (2). 
Define a sequence of integers al, aa, . . . by 
a,= 2 2 1, (n=l, 2, . ..) 
7Z=tW 
uc?z, . Verz~ 
With this definition we have 
Prom lemma 2 we can then conclude that 
C3) 
m<H,a<H 
But for every value of n> 1 we have the bound 
(a proof of this last estimate can be found in HUA [5] lemma 2.5, p. 17), 
whilst 
2 am=G2. 
wq,a 
Putting these estimates together gives 
However, from the definition of the set E =E(x, n,,, 4&e) it is clear that 
1/&)l’ > (&ny)4 Card E(x, nv, QE). 
Combining these last inequalities leads to the further inequality 
Card E(x, n,, $8) < xnv-2 (log nv)15+nv2 log nv. 
Finally 
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Card J’@, N, 8) <,Tx ( xnv-2 (log n,)15 + x2 log X) 
< ‘; x (log (1 +&)‘N)l5 
((lf&e)YN)2 
+ 2 x21og x 
7$&X GC*lW B 
< xN-2 (log N)=+x~+@ (log 42, 
and the lemma is proved. 
Lemma 6. If x > 2 h&-k, and if the integer r satisfies 1 <r G (log x)*, 
then the inequality 
is satisfied. 
Card E(x, r, 4~) < n(x)+ (log r)15 
Proof. We follow the proof of lemma 5 with nV replaced by Y. Since 
the n, =r being considered satisfies the above hypothesis, at stage (3) 
we can replace the use of lemma 2 by the use of lemma 3. We then obtain 
the modified inequality 
2s2, (;I 4 g n(x) &,& 
ama, +xe-cvlogz ( mzTEam)2. 
m<P. 12e 
Using the same estimates for the sums involving the am, and following 
the proof of lemma 5 step by step we arrive at the upper bound 
Card E(x, r, &) < z-c(x)+ (log r)r5 + xe-Ov’ogz 
< rc(x)r-2 (log 9. 
Lemma 7. For every ~22, N>2, and d>O, we have 
Card 3(x, N, E) < z(x)N-~/~ +x*-ts. 
where the implied constants may depend upon 6. 
Proof. There are two cases. We shall assume x to be (absolutely) 
large when necessary. 
Case 1. N satisfies N 2 (log x)3. 
We appeal to lemma 5, and see that 
Card P(x, N, a) < z(x)N-~” (N-* (log N)r5 log x) +x*+~ 
< n(~)N-~‘~+x++~, 
are desired. 
Case 2. N satisfies 2 G N < (log x)3. 
To begin with, in the notation of lemma 4 
Card B’(x, N, E) G 2 Card E(x, n,, 4~) + Card J’(x, 4 (log x)3, E). 
iv =s n, i mg 5)’ 
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The last term on the right hand side of this inequality can also be esti- 
mated by lemma 5 to give 
Card F(x, $ (log x)3, E) < x (log x)-6 (log log x)lj+x*+’ 
< n(x)N-3’2 +x*+s. 
To each individual term of the sum we apply lemma 6, and obtain 
C Card E(x, mV, BE ) < n(x) 2 nv-2 (log V&)15 < ?-c(s)N-2 (log N)i5. 
N<IZy< UogoY Y 
In every case the desired result is now proved. 
4. Proof of the theorem 
The proof is in five steps. 
(i) Let p be a positive integer. Then the primes p for which g(e, p) = ,u 
have a limiting frequency ap. 
From lemma 7 with N= [l/ log log x] we see that 
= -&Card (p; p<z, g(E, p)=p, P # P(x, N, ~)bt-O((l% 1% X)-?- 
Let p be a prime satisfying 
g(s,p)=p,p $ JYx, N, El, P-N! 
Then in order that 
I 01 mzl : > em for every integer m c p, 
< sm for every integer m satisfying ,u <m< N, 
the symbols (n/p)1 (n = 2, . .., N) can only have certain values. Moreover 
this can happen if and only if p belongs to one of a corresponding collection 
of reduced residue classes (mod N!). The number of such residue classes 
may of course be zero. Let us denote it by 
ap54w7 
in terms of Euler’s +-function. 
For any coprime integers k, 2 with 1 <k G (log x)A, the Siegel-Walfisz 
theorem [6] states that 
1 
n(x) 
c L+0 
2) < 9% p4 hmd 7c) l= W) ( 
-0 Vlogx 
if&e * > 
But with our definition of N, 
N! G exp (N log N) < exp ((log log x)*) < log X. 
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We can therefore conclude that 
holds uniformly for ,u ,t N. 
Hence 
and our assertion is justified. 
(ii) For every pp 2 the inequality 
is satisfied. 
For if up <x and g(&, p) >,u hold, then p belongs to F(x, ,u, E). From (i) 
and lemma 7 we see that when x is sufficiently large 
< --& Card P(x, ,u, E) < ,u- 3’2, 
from which (ii) clearly follows. 
(iii) The series 
C(E)= 2 /-$u 
jl=l 
is well defined. 
It follows from (ii) that 
pg3PG G jYl 2k<pz2k+l pap < 532 kzl 2- (k’2) -==c co. 
(iv) If iV is defined as in the step (i) then 
1 
a.. . p<z ,& >IIN d-5 PI < (1% 1% xP* 
We set 166 = 1 and appeal to lemma 7 for each value 2fivN satisfying 
29/N<X, where X has the same value as in lemma 5. This shows that 
typically 
1 
n(x) ZI 
g(s, p) << 2-@J2’ N-t + 2kN* xt+l’le . 
&m<s(:.%sZk+lvN 
If we then sum over the O(log x) possible values for I% for which 29/N <X 
we see that the sum which we wish to estimate does not exceed 
&V-t 5 2-#k+ 
44 k-0 
-J- xxh+l’16 0 (log x) < (log log x)-’ 
44 
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(v) Conzpletion of the proof. 
From (i), (ii) and the representation (iii): 
= p&4~p+o ((1% 1% 4-V) 
=c(i)+O ((log log 2)-B). 
This estimate and the complementary one given in (iv) show that 
By using higher moments than the fourth during the course of the 
proof, particularly with respect to the estimate in (ii), an improved error 
term could be obtained. There is also the possibility of defining an analogue 
of g(a, p) in terms of sharper bounds upon the Legendre symbol sums. 
Finally, these results have certain analogues in terms of other characters. 
University of Nottingham 
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